Abstract. In this paper, we consider the bullwhip effect problem of an OrderUp-To (OUT) inventory strategy for a supply chain system. We firstly establish a new discrete-time dynamical model which is suitable to describe the OUT inventory strategy. Then, we analyze the bullwhip effect for the dynamical model of the supply chain system. We thus transform the bullwhip effect's dampening problem to a discrete-time optimal control problem. By using the Pontryagin's maximum principle, we compute the corresponding optimal control and obtain the optimal manufacturer productivity of goods. Finally, we carry out numerical simulation experiments to show that the devised optimal control strategy is useful to dampen the bullwhip effect which always happens in the supply chain system.
Introduction.
With the social division of labor and the grim competition in today's global market, supply chain management plays a very important role to achieve a variety of business goals. The single manufacturer's production is gradually replaced by that of large-scale manufacturers since the raw materials, the sales and other links form a supply chain to enhance the large-scale companies' performance. So, the 2 H. XU, P. SUI, G. ZHOU, C. LOU analysis and research of the supply chain become highly demanded, especially for transnational corporations. Since the ways of exchange and sale are not clearcut, the information's share between the upstream and downstream in the supply chain is imperative. Considering the manufacturers, suppliers, retailers and end consumers as a whole package, it is of importance that we should share the resource and information. Therefore, the problems such as how to optimize the allocation of resources, how to reduce the cost and how to set up a reasonable inventory strategy have become essential issues in the supply chain management recently.
In practice, there exist many uncertain factors between the upstream and downstream of a supply chain, which always cause demand variability's amplification. One of the typical phenomena in supply chain management is the bullwhip effect (since the amplification of the orders' fluctuation looks like a whipping bullwhip, it is called to be the bullwhip effect). Sometimes it is called to be the "whiplash" or the "whipsaw" effect. The bullwhip effect refers to the amplification of demand variability in the supply chain; that's to say, for example, while the customers buy one kind of commodity, the demand orders' variability is amplified as they move to upstream sites of the supply chain. The bullwhip effect from one end of a supply chain to the other is a source of tremendous inefficiencies of a company, which results in the disordered information and the demand variability's amplification between the echelons of the supply chain. It also can lead to a fluctuation of the requirement information. Currently, to dampen the bullwhip effect becomes an important demand for supply chain optimization and control.
It is well known that Procter & Gamble (P & G) found the bullwhip effect when the company examined the order patterns of one best-selling product, Pampers, and noticed that this product's sales at retail stores were always fluctuating. In fact, J. Forrester is the first person to notice the bullwhip effect phenomenon in the supply chain, as early as 1961 [1] . According to the system dynamics, he analyzed a supply chain system composed of three echelons and four nodes, and pointed out that, for seasonal goods, manufacturers always overreact the demand changes comparing with the customers. He believes that the internal structure of a supply chain and their interaction lead to the demand amplification, due to the change of organizational behaviors. Later, J. D. Sterman designed a "beer game" in his class in 1989 and found that the misinterpretation of logistics executives to the feedback information was the main reason to cause the bullwhip effect [2] . D. R. Towill and M. M. Naim discovered that the inventory management was one of main reasons to cause this phenomenon by making a simulation analysis on the bullwhip effect. He found that it would become twice as much as the inventory while the orders deliver from one echelon to others in the supply chain [3] . Thus it is possible to suppress the bullwhip effect by choosing a reasonable inventory strategy. Recently, F. Chen and his collaborators concluded that the more fluctuations and the longer order cycle in the market demand in a short time would make it harder to suppress the bullwhip effect [4] . E. Ricardo and K. Bardia proposed that the members in a supply chain, especially the suppliers, the wholesalers and the retailers, would set up a safe stock for their own economic interests [5] . Thus, the overstock also makes the market demand swing significantly in the entire supply chain. L. L. Hau et al. summarized the main reasons of the bullwhip effect by integrating these issues of the predecessors and identified four sources of the bullwhip effect: demand signal processing, rationing game, order batching, and price variations [6] .
Since the bullwhip effect distorts and harms the performance of supply chains fundamentally, it needs to be suppressed. Hence our aim of this paper is to analyze the bullwhip effect of an OUT inventory strategy model and find an appropriate method to dampen the bullwhip effect effectively. In this paper, we use the productivity of manufacturers as the admissible control, establish a discrete-time model and transform the bullwhip effect problem to an optimal control problem. Then, the Pontryagin's maximum principle is applied to solve the obtained optimal control problem. Finally, we conduct numerical simulations to verify the usefulness and effectiveness of the results obtained.
OUT Inventory Strategy.
The OUT inventory strategy model introduced in this section is a classical supply chain model. This strategy is an optimal one to add the stock level to the desired inventory level and also the simplest inventory strategy for the case of no fixed order cost. This strategy system is widely used to minimize the cost of the stock. For detailed discussions of the inventory theory, see [4, 7, 9, 12, 14] and their references therein. In order to illustrate the OUT inventory strategy clearly, we will first summarize the results in [4, 14, 15] .
For convenience, we consider a simple supply chain consisting of one retailer, one manufacturer, and a warehouse. We assume that the members of the supply chain will obey the following rules:
(1) In each pre-determined period t of the cycle, the single retailer receives the order first, and he then observes and satisfies the customer demand of that period, denoted by D t . The retailer observes his new inventory and sends an order Q t to the single manufacturer.
(2) All unfilled demands are backlogged and will be postponed to the next delivery cycle. There is a fixed lead time between the time when the retailer receives the product and the time when the order is issued by the retailer. For example, the retailer issues an order at the end of the period t, and he receives the product at the beginning of the period t + L. It is should be noted that the delivery lead time L contains the order delay time of a cycle and the logistics delay time T p . For example, if L = 1 and the logistics delay time is 0, then the retailer issues an order at the end of period t and receives the product at the beginning of period t + 1.
In this paper, the retailer uses the order decision-making process of an OrderUp-To inventory strategy:
where O t is the quantity of the order at the period t, S t is the desired stock level of a certain echelon of the supply chain for the period t, i.e., the manufacturer desired stock level here. W IP t is the physical inventory for the period t, which consists of the net inventory (the existing inventory) and the work-in-process at the period t.
The desired order-up-to point will be updated in each cycle:
where D L t is the total amount of the forecasting demand for all L cycles, σ Dt is the standard deviation of the demand, and Z is a constant which satisfies the expected service level. At the period t, the retailer receives an order and also satisfies the customer demand. Then, he observes a new stock level, and issues a new order at the end of period t, i.e. the retailer sends the order at the start of t + 1. In fact, we normally take a longer cycle L = T p + 2, where T p is the delay time of production and logistics.
In this paper, we only consider the net stock N S t , i.e., N S t = W IP t . Hence, we have the classical OUT inventory policy as follows:
When a proportional constant
1
Ti is introduced according to [15] , we have
As for the net stock, it will hold that
Next, let us consider an ARMA process [15] and the forecasting demand will be
where ρ and θ are the model parameters, d is the mean of demand, and the initial condition is D 0 = d+ε 0 . The forecast error ε is assumed to be a white noise process.
A Discrete-time OUT Model.
The production order rate of the retailer can be described by the Order-Up-To inventory policy model (4)- (6), i.e.,
In addition, we can clearly write the above model in the form of the following discrete-time dynamical system,
N S(t + 1) = N S(t) + O(t) − D(t)
Then, we have
N S(t + 1) = N S(t) + O(t) − D(t) D(t + 1) = (ρ − θ) D(t) + d − ρd + ε + θD(t) Thus, we can establish the following discrete-time system   O(t + 1) N S(t + 1)
Suppose that we do not consider the lead time, then L = 1. In fact, many manufacturers manage the demand fluctuations by setting a safety stock in their production inventory system. Such a system has a single manufacturer and a warehouse to store those products, which are manufactured but not sold immediately. Once a product is made and put into stock, it will cause stock holding costs including the cost of physically storing the product, insuring product. The advantages of having products in stock can be listed as follows: 1) it can be used to meet demands for orders immediately; 2) during the low demand period the warehouse can store excess production and during high demand period the warehouse can be available to sell products. Hence, according to [11] , it is possible to obtain a smooth production. Our objective is to find a good manufacturer productivity u(t) to minimize the stock holding cost and production cost. Here the manufacturer productivity u(t) can be regarded as the order quantity O(t). We also want to adjust the buffer stock to the target level N S(t), so that we can achieve the pre-defined service levels or to lower the shortage cost. Usually, the buffer stock N S(t) during a period of time can be taken as a constant. Then, we will include the stock holding cost, production costs and the level of target buffer stock level in the objective function. For the stock holding cost, we can easily minimize the stock level. For the production cost, we can learn from the classical economics theory that the average unit manufacturing cost of a single product is typically convex in its production rate. In fact, for most manufacturing systems, the system is designed to be at operating level where the average unit production cost at this operating level is minimal [14] . With the growth of production rate, the unit production cost usually will be higher along with the increases of wear and tear of equipment, overtime labor, a higher loss or a larger defective rate [10] . In order to model this phenomenon, we use a quadratic function of f (P ) = aP 2 − bP + c with respect to production rate as a unit production cost, f (P ) is the unit production cost in unit [11] . In fact, as discussed in [8] , numerical experimental evidences indicate that there exists a quadratic relationship between the cost of production and marketing. For brevity, we need only consider the following discrete-time systems
then we obtain the objective function
where O(t) is the desire order by the retailer, m is the cycle number, and a, b are positive coefficients. Without loss of generality, we choose a = 1.2 and b = 1 in the rest of this paper.
Dampening Bullwhip Effect via Optimal Control Computation.
In this section, we will solve the optimal control problem (11) by using the Pontryagin's maximum principle [11, 13] . Combining with an adjoint function of equation (10),
we rewrite the Hamiltonian function of (11) as
where λ 1 (t) and λ(t) are Lagrange multipliers. The adjoint equation and boundary conditions will be
Then, it also should be satisfied that
Furthermore, we have
To solve the optimal control problem, we first need to determine λ 1 (t). Substituting (16), (17) into (10) yields
Assume that µ 1 , µ 2 are eigenvalues of equation (24) and
then we have
It is clear to see that In order to solve λ 1 (t), we substitute a = 1.2, b = 1 into (28) and obtain 
